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Abstract. It is demonstrated that perpendicular magnetic anisotropy may be obtained with a room tem-
perature growth process in ordered (FePd) alloys. Indeed, using atomic layer by atomic layer epitaxy, a
partial chemical ordering into the L10 structure is obtained, with a corresponding intermediate perpen-
dicular anisotropy (Ku/2πM

2
s ∼ 0.4). These samples provide an appropriate template for the study of the

magnetic reorientation from in plane to out of plane magnetization upon layer’s thickness increase. VSM,
transverse Kerr measurements and magnetic force microscopy have been used in order to determine the
relevant magnetic parameters and the occurrence of the reorientation transition.

PACS. 75.70.-i Magnetic films and multilayers

1 Introduction

Chemically ordered alloys have been successfully used
to elaborate perpendicularly magnetized thin films
[1–4]. These recent results rely on the ability to induce
the growth of the thin films with the easy axis of the or-
dered phase along the normal direction to the film plane.
For instance, the FePd system exhibits a phase transition
at the equiatomic composition around 920 K between a
disordered face-centered-cubic phase and an L10 (CuAu-I
type) ordered tetragonal structure [5]. This ordered struc-
ture consists in alternating Fe and Pd atomic planes so
that it retains only one of the four fold symmetry axis ex-
isting in the disordered alloy. The ordered alloy exhibits
a high magnetocrystalline anisotropy, the four fold sym-
metry axis being an easy magnetization axis [6,7]. It was
shown that the codeposition of the alloy at a high tem-
perature leads to a high degree of chemical order, both
on a long range and a short range scale, and this results
in perpendicularly magnetized thin films [8,9]. This con-
figuration has attracted a large interest due to the po-
tential of ordered alloys (FePt [10], FePd [9]...) for high
density magnetic recording applications. As an alternative
to this growth procedure, it was proposed to artificially
grow the ordered phase by depositing alternate atomic
layers of pure Fe and Pd. This method can be seen as
an attempt to artificially obtain the L10 structure, and
then a perpendicular magnetic anisotropy at room tem-
perature. Indeed, L10 ordered samples can be seen as an
ultimate multilayer with a bi-atomic period. A structural
study has shown that this layer by layer growth process
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leads to an intermediate degree of chemical order on the
short range scale but a very low degree of order on a long
range scale [11]. Here we investigate the magnetic prop-
erties of these partially ordered samples. First we eval-
uate the magnetic anisotropy from magnetization curve
measurements. Next we investigate the transition from
an in-plane to an out-of-plane magnetization with trans-
verse Kerr measurements and Magnetic Force Microscopy
(MFM) observations. This transition is allowed by the evo-
lution of the balance between the magnetostatic energy
and the energy associated with the uniaxial anisotropy
when the thickness of the magnetic layer increases. A simi-
lar transition has been observed in ultrathin magnetic lay-
ers such as Ag/Fe/Ag(100) as the weight of the anisotropy
induced by the interfaces decreases as thickness increases,
thereby not allowing to maintain a perpendicular magne-
tization [12]. Finally, we confront our experimental data
with the models proposed by Sukstanskii and Primak [13]
which allow to forecast the direction of the magnetiza-
tion depending on the thickness of the thin film and the
magnetic anisotropy of the material.

2 Elaboration and structure

The samples were prepared by Molecular Beam Epitaxy
under Ultra-High vacuum (10−7 Pa). A 2 nm seed layer of
Cr was deposited onto a MgO (001)-oriented substrate in
order to induce the epitaxial growth of the 60 nm single
crystal Pd buffer layer. In order to smooth the Pd sur-
face, the sample was then annealed during 10 minutes at
700 K. The deposition of the alloy layers then consisted
in alternatively depositing atomic layers of pure Fe and
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pure Pd at room temperature, using a constant evapo-
ration time for each layer. The Pd and Fe fluxes from
the electron beam evaporators were first adjusted using
the RHEED intensity oscillations corresponding to the
growth of both pure Pd and FePd alloy at room tempera-
ture on a calibration sample. Thereafter, Fe and Pd fluxes
were both set to 0.2 monolayer (ML) per second and the
shutters of each evaporator were alternatively opened for
5 s. By masking progressively the fluxes with a motorized
shutter, a 15 mm long wedge sample was grown under
these conditions, with its thickness varying between 0 and
45 nm. The motorised shutter is close enough to the sam-
ple so that imperfect shadowing effects are negligible. The
RHEED diagram revealed the cube-on-cube relationship
(001)[001]Pd/(001)[001]FePd. The alloy layer was finally
covered with a 2 nm Pd layer to prevent oxidation.

A detailed investigation of the structure of a flat sam-
ple, prepared in the same way than the one studied here,
has been reported elsewhere [11]. X-ray diffraction experi-
ments were used to evaluate the degree of long-range order
S in the layer, defined as S = |nFe − nPd| where nFe(Pd)

stands for the site occupancy on the Fe(Pd) sublattice.
This parameter S ranges from 0 for a completely disor-
dered film to 1 for a perfectly ordered film. The result
of the measurement (S ∼ 0.1) then evidenced a low de-
gree of long range order in the samples. In addition, the
analysis of EXAFS spectra allowed to investigate the di-
rectional short range order in the samples, revealing a high
anisotropy of the chemical order in the first coordination
sphere. Indeed, a central Fe atom is surrounded by 87%
(resp. 38%) of Fe atom when considering the neighbours
in the out-of-plane direction (resp. in the plane direction).

3 Perpendicular magnetic anisotropy

The magnetization curves (Fig. 1) were measured using
a Vibrating Sample Magnetometer (VSM) with the ap-
plied field either parallel or perpendicular to the layers
plane. To allow these measurements, the wedge sample
was divided in five parts, each extending over a thickness
range of 9 nm and measured successively in the VSM. The
hysteresis curves reveal that the easy axis of the samples
lies in the plane of the layers. The saturation magnetiza-
tion was evaluated from extensive measurements on other
FePd thin layers: Ms = 1030 emu/cm3 [9]. This value is
in close agreement with the ones determined for bulk iron
palladium alloys (1050-1100 emu/cm3 [14–16]). The area
between the two (in plane and perpendicular to the plane)
magnetization curves gives access to the energy gained by
the sample when the magnetization evolves from an in
plane to an out of plane monodomain configuration. Since
this energy equals the difference Ku − 2πM2

s [17], this al-
lows to evaluate the uniaxial anisotropy constant Ku. We
find a mean value (averaged on the five parts of the sam-
ple) Ku = 2.6 × 106 emu/cm3, corresponding to a low
value of the quality factor

K̂ =
Ku

2πM2
s

= 0.4.
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Fig. 1. Magnetization curves measured using a VSM with
in-plane (a) and out-of plane (b) magnetic fields. The layer
thickness of the involved part of the wedged sample varies
from 18 to 27 nm. The easy axis lies into the plane of the
layer. The calculation of the anisotropy constant from the
area between the these curves and the similar ones obtained
at other thicknesses reveals a weak perpendicular anisotropy:
Ku = 2.6× 106 emu/cm3.

No significant variation of the uniaxial magnetic
anisotropy with the thickness of the layer was found in
the wedge sample. This kind of material with a weak uni-
axial perpendicular anisotropy is likely to exhibit a so-
called stripe structure [18] above a critical thickness hc:
for low thicknesses, the magnetization lies in the plane of
the layer, while for thicknesses above hc, an out-of plane
component of the magnetization appears due to instabil-
ity of the magnetization direction [13]. The magnetization
points then alternatively upwards and downwards form-
ing a stripe configuration. Such a configuration has been
recently imaged in Co thin films [19]. As the thickness
increases, the magnetization tends to be more and more
perpendicular to the film plane, corresponding to a de-
crease of the in-plane component of the magnetization,
while the width of the stripe structure increases.
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Fig. 2. Transverse Kerr effect measurements (Kerr signal as a
function of the applied in plane field H). S is the amplitude of
the signal corresponding to the light reflected by the sample,
∆S is its modification as a function of the applied field. The
FePd layer thicknesses are: (a) h = 16 nm (below the critical
thickness hc), (b) h = 35 nm (larger than hc). Note the large
difference in the coercitive fields.

4 Transverse Kerr effect measurements

We have measured the in-plane magnetization curves of
the sample in the low field range using a Kerr facility
(Fig. 2). Here, the magnetic signal originates from the
transverse Kerr effect: the external field is applied in the
plane of the layer, perpendicularly to the reflexion plane
of the light. The incident light is emitted by a laser diode
(670 nm) with an incident angle of 60◦ (with respect to
the sample plane). The spot size on the sample is about
1 mm in diameter, so that, due to the wedged shape of the
FePd layer, the thickness range of the area over which the
signal is averaged is about 3 nm. The ratio ∆S/S (S being
the amplitude of the signal corresponding to the light re-
flected by the sample) plotted in Figure 2 is proportional
to the in-plane component of the magnetization. These
measurements also allows to address the issue of possible
in plane easy axis within the sample. In Figure 3, three
hysteresis curves are reported, corresponding to magnetic
fields applied along various directions with respect to
one of the (100) axis. In addition, the evolution of the
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Fig. 3. Transverse Kerr effect measurements. The FePd layer
thickness is h = 32 nm. The sample has been rotated with
respect to one of the (100) in plane: (a) θ = 0◦, (b) θ = 30◦,
(c) θ = 60◦. (d) The coercitive field is plotted as a function
of the angle with respect to one of the (100) direction. There
is no significant variation of this parameter. In this figure, the
amplitude of the Kerr signal is not calibrated.

coercitive field as a function of the angle with respect to
one of the in plane (100) directions is displayed. These
data demonstrates that neither the quantitative (coerci-
tive field), neither the qualitative (shape of the hysteresis
curves) aspects of the hysteresis curves depend on the di-
rection of the applied field within the plane, thereby sug-
gesting the absence of any significant in plane anisotropy.
Figure 4a displays the variation of the value of the rema-
nent signal at zero field, as a function of the thickness of
the magnetic layer. The singular behaviour observed at
29 nm (compare also Figs. 2a and 2b) can be related to
the occurrence of the stripe configuration as described in
the above paragraph. Indeed, for thicknesses smaller than
29 nm, the magnetization is expected to lie in the plane
of the layer. In this configuration, the quantity of material
contributing to the signal increases proportionally to the
thickness of the sample, leading to the observed increase
in the remanent signal. Above the critical thickness, as
the magnetization adopts an out-of plane component, the
Kerr remanent signal is decreasing in spite of the thickness
increase. This shows that the average in-plane component
of the magnetization is decreasing, thus leading to the con-
clusion that the magnetization tends to be more and more
perpendicular to the layer plane.

The transition from the in-plane to the out-of plane
magnetization configuration also affects the coercitivity
(Fig. 4b). For thickness smaller than 29 nm, the coercivity
is less than 30 Oe. It decreases with increasing thickness,
indicating that the pinning of the magnetic walls on the
interfaces plays an important role to explain the evolution
of the coercitivity. Indeed, a large number of magnetic do-
main walls appears above the critical thickness and these
walls may be responsible for a far larger coercivity through
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Fig. 4. These data have been extracted from transverse Kerr
effect measurements. Part (a) displays the evolution of the in
plane remanent signal upon layer thickness. The value of the
ratio of the ∆S/S (S being the amplitude of the signal cor-
responding to the light reflected by the sample, ∆S being its
modification as a function of the field) is plotted as a function
of the layer thickness. Below the critical thickness, the rema-
nence stays at a 100% value with respect to the saturation one
(square hysteresis curve) and the Kerr signal increases almost
linearly as the thickness increases. The dotted line corresponds
to an extrapolation of the amplitude of the Kerr signal which
would still correspond to a 100% remanence. This extrapola-
tion is based on a polynomial fit of the experimental values
obtained below the critical thickness, together with an addi-
tional VSM data giving the ratio of the remanent to saturated
between h = 27 and h = 36 nm. The wide grey line outlines
the critical thickness (according to the discussion in the text).
Part (b) displays the evolution of the coercitive field upon layer
thickness. See Figure 2 for two examples of the experimental
Kerr hysteresis curves.

pinning to the interfaces or others defects. Once the new
magnetic configuration has been established, the coerciv-
ity decreases again (but from a higher value) when the
layer thickness increases. This behavior is in agreement
with the idea that the main source of the coercivity is at
the interfaces.

5 Magnetic configuration of the sample

5.1 Critical thickness - magnetic force microscopy

The analysis of the remanent signal and the coercivity ob-
tained from the in-plane magnetization curves allowed to
evaluate the critical thickness hc. As an independent way
to investigate the transition from the in-plane to the out-
of plane magnetization configuration, the samples were
studied by MFM. The measurements were performed us-
ing a Nanoscope IIIa from Digital Instruments, in the ac
mode where the force gradient (second derivative of the
magnetic field) between a magnetic tip and the sample is
detected. Here, the tip was magnetized along the normal
to the sample: the measurement was then sensitive to the
perpendicular component of the stray field emerging from
the layer. For thicknesses smaller than 27 nm, no magnetic
contrast could be observed, leading to the conclusion that
the magnetization lies into the plane of the layer (with in
plane domain sizes far above the reasonable scan sizes).
For thicknesses above 27 nm, the images (Fig. 5) reveal
the existence of a periodic component of the magnetiza-
tion pointing out of the plane of the layer. This configura-
tion corresponds to the stripe structure postulated above.
The experimental value of the critical thickness hc as de-
duced from the MFM measurement (27 nm) is in excellent
agreement with the value deduced from the in-plane mag-
netization curves (29 nm).

5.2 Critical thickness - model

As already pointed out, the stripe structure has been the-
oretically predicted by various authors. Sukstanskii and
Primak have providen a parametric expression relating the
critical thickness hc to the anisotropy constant Ku [13].
The corresponding equations may be written in reduced
units as below:

K̂ =
Ku

2πM2
s

=
1

2π

(
3v − (π + 3v)e

−π
v

)
(1)

hc

hs
=

√
2π3/2

v

(
v − (π + v)e

−π
v

)−1/2

(2)

where hs =

√
A

2πM2
s

and A is the exchange constant.

Equations (1, 2) are linked by the parameter v.
These equations have been obtained from a classi-

cal form of the magnetic energy including exchange,
anisotropy and magnetostatic energy, and by using a
sinus-jacobi profile for the out-of plane component of the
magnetization as a trial function. The energy has been
minimized with respect to the amplitude of the perpen-
dicular magnetization and the domain size. The in-plane
component of the magnetization is assumed to be paral-
lel to the stripe direction and the magnetization vector is
uniform across the layer’s thickness. However, it is demon-
strated in Appendix that the critical thickness does not
depend on the choice of the (sinus Jacobi) magnetic pro-
file. Indeed, equations (1, 2) are easily obtained by using
a sinus profile for the magnetization angle.
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(a) (b) (c)

Fig. 5. 2 µm × 2 µm from Magnetic Force Microscopy images of the zero field magnetic configuration (as grown sample). A
similar configuration is obtained after the application of an in-plane saturating field. The corresponding thicknesses h of the
FePd layer (and measured stripe widths d) are: (a) h = 28 nm (d = 37.5 nm), (b) h = 34 nm (d = 41 nm), (c) h = 45 nm
(d = 48.5 nm). In order to maintain a clear contrast between up and down stripes on the three images, the grey scale has been
adjusted for each image. As a result, the images do not reproduce the decrease of the contrast as the thickness decreases.
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Fig. 6. This graph outlines the transition between in plane
and out of plane magnetization as a function of the thickness
(h) and the perpendicular anisotropy (Ku). The black line cor-
responds to the critical thickness hc. Above hc, an out of plane
component of the magnetization appears by means of the so
called stripe structure. The model used here assumes a classical
form for the magnetic energy and a unidimensional dependence
of the out of plane component of the magnetization. The wide
grey line corresponds to the wedged sample studied here, with
a predicted critical thickness around 32 nm. For this sample,
hs = 3.2 nm.

Using equations (1, 2), the reduced critical thickness
can be plotted as a function of the reduced anisotropy con-
stant K = Ku/2πM

2
s . This curve splits the (h, K) space

into two areas corresponding to in plane and out of plane
magnetization as shown in Figure 6. The thickness (rang-

ing from 0 to 45 nm) and the quality factor (K̂) of the
FePd wedge sample has also been reported in this figure.
According to the model, the layer should exhibit a stripe
structure for thicknesses above hc = 32 nm. This value
is in a striking good agreement with the experimental re-
sults.

5.3 Stripe width - experimental data (MFM)

We now focus on the evolution of the stripe width with
the thickness of the layer (Fig. 7). For thicknesses just
above the critical thickness, the width of the stripes is
only 37 nm and increases thereafter gradually to 48.5 nm
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Fig. 7. Stripe width d as a function of the layer thickness
h as deduced from Magnetic Force Microscopy images. The
thick vertical grey line corresponds to the lowest thickness at
which a stripe structure has been detected. The thin black line
corresponds to the best linear fit of the domain width, using a
power law dependence of the thickness of the FePd layer (both
the prefactor and the exponent are free parameters).

at h = 45 nm. The experimental data are well fitted by
a power law (the prefactor and the exponent being left
free): d = (5.44)h0.57. The corresponding curve has been
reported with the experimental data in Figure 7.

5.4 Stripe width - model

The prediction obtained from the model of Sukstanskii
and Primak are far less accurate on the domain width than
on the critical thickness. Indeed, for a given thickness, the
theoretical value is significantly lower than the experimen-
tal one: for h = 40 nm, the model predicts d = 32 nm
while MFM measurements provide d = 44.5 nm. This dis-
crepancy may originate from the fact that the model as-
sumes no variation of the magnetization direction across
the samples thickness. In our case, the partially ordered
FePd alloy has a weak anisotropy, so that closure domains
are likely to form. These domains correspond to a rota-
tion of the magnetization towards the plane of the layer
and perpendicularly to the stripe direction. This effect
can be quite important close to the sample’s surface. It
allows a reduction of the magnetostatic energy cost of the
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out-of plane component of the magnetization and hence
leads to an increase of the period of the stripe configura-
tion. However, this phenomena can be neglected near to
the critical thickness as the amplitude of the z component
of the magnetization is too low to favor the formation of
such closure domains (which have a cost through exchange
interaction).

6 The in plane to out of plane transition

6.1 From magnetic force microscopy

It is worth noting that, to our knowledge, the period of the
stripe structure near the critical thickness (27 nm) is the
smallest one which has been observed in a thin layer. This
is due to the fact we have been able to image the domain
structure near to the critical thickness (thus taking advan-
tage of the decrease in the domain size before the out of
plane to in plane transition). As a drawback, the observed
lateral dimensions of the domains are quite close to the
expected resolution in Magnetic Force Microscopy and it
is difficult to extract quantitative information concerning
the magnetization direction from the MFM images.

6.2 The in plane to out of plane transition -
quantitative use of the Kerr measurements

However, a more precise knowledge of the magnetization
configuration in the stripe structure may be obtained from
the Kerr and VSM experiments. Indeed, it has already
been pointed out that the in-plane component of the mag-
netization corresponds to the remanent signal in the trans-
verse Kerr hysteresis loop (Fig. 4a). Besides, the VSM
measurement provides the ratio of the in-plane compo-
nent to the total magnetization, measured in the satura-
tion state at a large field. By using the hysteresis curve
obtained by the VSM on a part of the sample choosen
above the critical thickness, we can extrapolate the Kerr
signal corresponding to the sample saturated in the plane
above the critical thickness (Fig. 4a). These data can be
used to specify the profile of the magnetization. The fol-
lowing function has indeed been proposed to describe the
magnetization angle across a stripe structure [18], and is
similar to the one used by Sukstanskii and Primak [13]:

sin θ(x) = sin(θ0)sn
( x

∆

∣∣∣ sin(θ0)
)

(3)

where ∆ =
√

A
Ku

and sn (u|k) is the sinus-amplitude

Jacobi function [18].
θ0 is the largest angle of the magnetization vector with

respect to the plane of the sample (obtained at the center
of the stripes).

The above function has been derived from the varia-
tional minimisation of a magnetic energy expression in-
volving only anisotropy and exchange terms. It provides
a parametrised function as a template for the present
problem.
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Fig. 8. (�) Maximum angle (with respect to the layer plane)
of the magnetization at the middle of the stripes as a function
of the layer thickness. These data have been extracted from the
evolution of the in plane remanence in transverse Kerr effect
measurements, by assuming a sinus-Jacobi profile for the out
of plane component of the magnetization. (�) Maximum angle
according to the model proposed by Sukstanskii [13]. The wide
grey line corresponds to the position of the magnetic reorien-
tation transition according to Kerr and MFM measurements.

To use equation (3) implies we neglect any component
of the magnetization perpendicular to the stripe structure
and across the thickness of the layer, and so the likely
presence of closure domains. By comparing the projection
of the magnetization vector in the plane of the sample
for the sinus-amplitude Jacobi profile to the experimental
Kerr data, it is possible to extract the angle θ0. Indeed:

Mr

Ms
=

∫ x(θ0)

0 cos(θ)δx∫ x(θ0)

0
δx

· (4)

Here, the Jacobi functions being the inverse of elliptic
functions, we have:

δx = ∆
δθ√

cos(θ)2 − cos(θ0)2
(5)

where ∆ is related to the wall width. The remanent mag-
netization and the maximum angle are then linked by the
elliptic function of first kind K.

Mr

Ms
=

π

2K(sin(θ0)2)
· (6)

Some authors have considered ∆ as a free parameter to
obtain a more accurate description of the magnetization
profile [13]. However, this does not change equation (6).

The results obtained from equation (6) are shown in
Figure 8. They demonstrate that the in plane to out of
plane transition occurs quite progressively, as the magneti-
zation departs first slightly from the plane and is pointing
up and down only up to intermediate angles. Thereafter,
the area of nearly perpendicular magnetization widen at
the middle of the stripes while the width of the domain
walls diminishes. It is worth noting that the results of
the model are consistent with the evolution of the con-
trast in Magnetic Force Microscopy images: indeed, the



V. Gehanno et al.: Thickness driven magnetic reorientation in FePd thin films 463

contrast between up and down stripes decreases rapidly
with decreasing thickness, far more rapidly than could
be expected from the linear thickness decrease and from
the slow diminution of the stripe period. The Suskstanskii
and Primak model fails to predict correctly the maximum
angle of the magnetization and hence strongly underesti-
mates the perpendicular component of the magnetization
at a given thickness (see Fig. 8). Once again, one may
argue that the occurrence of closure domains allows an
higher emergence angle with a lower cost in magnetostatic
energy, thereby reducing the thickness range over which
most part of the magnetic reorientation occurs.

7 Conclusion

FePd thin layers with perpendicular anisotropy have been
prepared through a room temperature growth process,
using layer by layer epitaxy. In such samples, the re-
producibility of the obtained order and perpendicular
anisotropy is of special concern, since a critical dependence
on the precision of the calibration and on the stability of
the fluxes may be expected. Indeed, it cannot be expected
to deposit exactly one monolayer of each element through
all the growth process. However, a large discrepancy has
not been observed as different samples elaborated in the
same way exhibit very similar magnetic properties. This
may be seen as a clue that the perpendicular anisotropy
depends essentially on the local order which is here forced
by the growth process (Fe-Pd pairs along the growth direc-
tion perpendicular to the layer plane). Such an origin for
the perpendicular anisotropy has been suggested in CoPd
alloys [20,21].

The in plane to out of plane reorientation tran-
sition has been carefully observed. The critical thick-
ness has been determined by using various independent
approaches: domain structure observation by MFM, hys-
teresis curves measurements through Kerr effect (in plane
remanence and coercitivity), both in good agreement with
a simple model with one dimensional dependence of the
magnetization. Above the critical thickness, MFM obser-
vations demonstrate that the stripe width exhibits almost
exactly a square root dependence upon thickness. Near to
the critical thickness, this allows the stabilisation of very
thin magnetic stripes (width down to 38 nm). It is worth
noting that the reorientation of the magnetization occurs
progressively, but essentially within a limited thickness
range (between 29 and 45 nm) and this is in strong dis-
crepancy with a model assuming a one dimensional depen-
dence of the magnetization vector. Since such a model also
underestimates the experimentally observed stripe width,
this may be seen as a strong indication of the presence of
closure domains. Indeed, such closure domains diminish
the cost in magnetostatic energy of the magnetic struc-
ture, thereby allowing the stabilisation of wider stripes
and an higher emergence angle of the magnetization with
respect to the layer plane.

Appendix

Here, we demonstrate that the critical thickness does not
depend on the sinus-Jacobi form of the magnetization pro-
file (as long as it is a function of the x-coordinate only, the
x-axis being within the layer plane). Indeed, the general
expression for the energy is the following:

E ∝
1

P

∫ P

0

[
A

(
∂θ(x)

∂x

)2

−Ku sin2 θ(x) +Ed(x)

]
dx

(A.1)

with θ(x) being the local angle of the magnetization vector
with respect to the layer plane. P is the period of the
magnetization profile.

By taking the magnetization profile: sin θ(x) =
sin θm sin(qx), where q = π/d (d being the domain width),
with the approximation sin θm ∼ θm which is valid as long
as the emergence angle stays low, the dipolar energy can
be written:

Ed(x) = [2πM2
s ]

(1− exp(−hq))(θ2
m sin2(qx))

hq
· (A.2)

This leads to:

E ∝ [2πM2
s ]
θ2

m

2

(
h2q2 − K̂u +

1− exp(−hq)

hq

)
. (A.3)

And, by looking to the instability limit (E(h, q) = 0 and
∂E/∂h = 0), one obtains again equations (1, 2).
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